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Abstract This paper focuses on two essential topics of the fuzzy area. The first
is the reduction of fuzzy rule bases. The classical inference methods of fuzzy sys-
tems deal with dense rule bases where the universe of discourse is fully covered.
By applying sparse or hierarchical rule bases the computational complexity can be
decreased. The second subject of the paper is the introduction of some fuzzy rule
base identification techniques. In some cases the fuzzy rule base might be given
by a human expert, but usually there are only numerical patterns available and an
automatic method has to be applied to determine the fuzzy rules.

1 Introduction

An overview of fuzzy model identification techniques and fuzzy rule interpolation
is presented in this paper. In Sect. 2 the historical background of the fuzzy systems
is described. Section 3 introduces the fuzzy rule base reduction methods, including
fuzzy rule interpolation, hierarchical fuzzy rule bases, and the combination of these
two methods. The next part of the paper deals with fuzzy model identification. In
Sect. 4 clustering based fuzzy rule extraction is discussed, and in Sect. 5 our most
recently proposed technique, the bacterial memetic algorithm is introduced.
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2 Background

Fuzzy rule based models were first proposed by Zadeh (1973) and later practically
implemented with some technical innovations by Mamdani and Assilian (1975).
If . . . then . . . rules contain an arbitrary number of variables xi with antecedent de-
scriptors, formulated either by linguistic terms or directly by convex and normal
fuzzy sets (fuzzy numbers) in the If . . . part, and one or several output variables yi
and their corresponding consequent terms/membership functions in the then . . . part.
An alternative model was proposed by Takagi and Sugeno (1985) where the conse-
quent part was represented by y= f(x) type functions. Later Sugeno and his team
proposed the basic idea of hierarchical fuzzy models where the meta-level con-
tained rules with symbolic outputs referring to further sub-rule bases on the lower
levels. All these types of fuzzy rule based models might be interpreted as sophisti-
cated and human friendly ways of defining (approximate) mappings from the input
space to the output space, the rule bases being technically fuzzy relations of X×Y
but representing virtual “fuzzy graphs” of extended (vague) functions in the state
space.

A great advantage of all these models compared to more traditional symbolic
rule models is the inherent interpolation property of the fuzzy sets providing a cover
of the input space, with the kernel values of the antecedents corresponding to the
areas (or points) where supposedly exact information is available – typical points of
the graph, and vaguer “grey” areas bridging the gaps between these characteristic
values by the partially overlapping membership functions or linguistic terms. It was
however necessary in all initial types of fuzzy models that the antecedents formed a
mathematically or semantically full cover, without any gaps between the neighbor-
ing terms. The “yellow tomato problem” proposed by Kóczy and Hirota pointed out
that often it was not really necessary to have a fuzzy cover, since “yellow tomatoes”
could be interpreted as something between “red tomatoes” and “green tomatoes”,
with properties lying also in between, the former category describing “ripe toma-
toes”, the latter “unripe tomatoes”, yellow tomatoes being thus “half ripe”. Lin-
ear fuzzy rule interpolation proposed in 1990 provided a new algorithm extending
the methods of reasoning and control to sparse fuzzy covers where gaps between
adjoining terms could be bridged with the help of this new approach, delivering
the correct answer both in the case of linguistic rules like the “Case of the yellow
tomato” and in more formal situations where membership functions were defined
only by mathematical functions. This idea was later extended to many non-linear
interpolation methods, some of them providing very practical means to deal with
real life systems.

In 1993 and in a more advanced and practically applicable way in 1997 the au-
thors proposed the extension of fuzzy interpolation to a philosophically completely
new area, the sub-models of the hierarchical rule base itself. Interpolation of sub-
models in different sub-spaces raised new mathematical problems. The solution was
given by a projection based approach with local calculations and subsequent substi-
tution into the meta-level rule base, replacing sub-model symbols by actual fuzzy
sub-conclusions.
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After an overview of these types of fuzzy models we will deal with the problem
of model identification. Often human experts provide the approximate rules – like
they did in the hierarchical fuzzy helicopter control application by Sugeno referred
to above, but more often, there are only input-output data observed on a black box
system as the starting point to construct the fuzzy rule structure and the rules them-
selves.

Sugeno and Yasukawa (1993) proposed the use of fuzzy c-means (FCM) clus-
tering originally introduced by Bezdek (1981) for identifying output clusters in the
data base, from where rules could be constructed by best fitting trapezoidal member-
ship functions applied on the input projections of the output clusters. This method
has limited applicability, partly because of the conditions of FCM clustering, and
partly because of the need to have well structured behavior from the black box under
observation.

In the last few years our group has introduced a variety of identification methods
for various types of fuzzy models. The FCM based approach could be essentially
extended to hierarchical models as well, and was applied to a real life problem
(petroleum reservoir characterization (Gedeon et al., 1997; Gedeon et al., 2003))
successfully. Another was the bacterial evolutionary algorithm. The use of
Levenberg-Marquardt (LM) optimization for finding the rule parameters was bor-
rowed from the field of neural networks. These latter approaches all had their ad-
vantages and disadvantages, partly concerning convergence speed and accuracy,
partly locality and globality of the optimum. The most recent results (Botzheim
et al., 2005) showed that the combination of bacterial evolutionary algorithm and
LM, called Bacterial Memetic Algorithm delivered very good results compared to
the previous ones, with surprisingly good approximations even when using very
simple fuzzy models. Research on extending this new method to more complicated
fuzzy models is going on currently.

3 Fuzzy Rule Base Reduction

The classical approaches of fuzzy control deal with dense rule bases where the uni-
verse of discourse is fully covered by the antecedent fuzzy sets of the rule base in
each dimension, thus for every input there is at least one activated rule. The main
problem is the high computational complexity of these traditional approaches.

If a fuzzy model contains k variables and maximum T linguistic terms in each
dimension, the order of the number of necessary rules is O(T k). This expression can
be decreased either by decreasing T , or k, or both. The first method leads to sparse
rule bases and rule interpolation, and was first introduced by Kóczy and Hirota
(see e.g. Kóczy and Hirota, 1993a; Kóczy and Hirota, 1993b). The second, more
effectively, aims to reduce the dimension of the sub-rule bases by using meta-levels
or hierarchical fuzzy rule bases. The combination of these two methods leads to the
decreasing of both T and k, and was introduced in (Kóczy and Hirota, 1993c).
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3.1 Fuzzy Rule Interpolation

The rule bases containing gaps require completely different techniques of reason-
ing from the traditional ones. The idea of the first interpolation technique, the KH
method, was proposed in (Kóczy and Hirota, 1993a; Kóczy and Hirota, 1993b), and
considers the representation of a fuzzy set as the union of its α-cuts:

A =
⋃

α∈[0,1]

αAα (1)

This method calculates the conclusion by its α-cuts. Theoretically all α-cuts should
be considered, but for practical reasons only a finite set is taken into consideration
during the computation. The KH rule interpolation algorithm requires the following
conditions to be fulfilled: the fuzzy sets in both premises and consequences have to
be convex and normal (CNF) sets, with bounded support, having continuous mem-
bership functions. Further, there should exist a partial ordering among the CNF sets
of each variable. We shall use the vector representation of fuzzy sets, which assigns
a vector of its characteristic points to every fuzzy set. The representation of the
piecewise linear fuzzy set A will be denoted by vector a = [a−m, . . . , a0, . . . , an],
where ak (k ∈ [−m, n]) are the characteristic points of A and a0 is the reference
point of A having membership degree one. A partial ordering among CNF fuzzy
sets (convex and normal fuzzy sets) is defined as: A ≺ B if ak ≤ bk (k ∈ [−m, n]).

The basic idea of fuzzy rule interpolation (KH-interpolation) is formulated in the
Fundamental Equation of Rule Interpolation (FERI):

D(A∗, A1) : D(A∗, A2) = D(B∗, B1) : D(B∗, B2) (2)

In this equation A∗ and B∗ denote the observation and the corresponding conclusion,
while R1=A1→B1, R2=A2 → B2 are the rules to be interpolated, such that A1 ≺
A∗ ≺ A2 and B1 ≺ B2. If in some sense D denotes the Euclidean distance between
two symbols, the solution for B∗ results in simple linear interpolation. If D = d̃
(the fuzzy distance family), linear interpolation between corresponding α-cuts is
performed and the generated conclusion can be computed as below, (as it is first
described in (Kóczy and Hirota, 1993c)):

b∗k =
b1k

d(a1k, a∗k )
+ b2k

d(a2k, a∗k )

1

d(a1k, a∗k )
+ 1

d(a2k, a∗k )

(3)

where the first index (1 or 2) represents the number of the rule, while the second
(k) the corresponding α-cut. From now on d(x, y) = |x − y|, so that (3) becomes:
K H b∗k = (1− λk)b1k + λkb2k , where λk = (a∗k − a1k)/(a2k − a1k) (for the left and
right side, respectively).
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This family of interpolation techniques has various advantageous properties,
mainly simplicity, convenient practical applicability, stability, however, the direct
applicability of this result is limited as the points defined by these equations often
describe an abnormal membership function for B∗ that needs further transformation
to obtain a regular fuzzy set. Even then, the conclusion may need further transfor-
mation, since it may not be normal. Furthermore, the method does not conserve
piecewise linearity of the rules and the observation. In order to avoid this difficulty,
some alternative or modified interpolation algorithms were proposed, which solve
the problem of abnormal solutions.

Some of these algorithms rely on the same idea of applying the Fundamental
Equation of rule interpolation for some kind of metric, or in some cases non-metric
dissimilarity degree. However, the way of measuring this distance or dissimilarity
is varied. In (Gedeon and Kóczy, 1996), the distance is measured only for α=1 and
so the position and length of the core in each of the k input dimensions determine
the position and the core of conclusion in the output space Y . The remaining in-
formation is contained in the shape of the flanks of the fuzzy sets describing the
rules, (the parts where 0<μ<1). Depending on the type of the membership func-
tions (trapezoidal or more general) a single value of fuzziness, F, is the basis for the
calculation of the points of the flanks of B∗, where F = |S0-S1|, S is an arbitrary
fuzzy set, the subscripts refer to the corresponding minimal or maximal points of the
core and subscript, “core and support points”, respectively. Alternatively, a function
of α-dependent fuzziness values based on either the core or the support points is the
base for this calculation. Here however a logarithmic type of dissimilarity is applied.
These latter methods guarantee that the resulting conclusion is always “normal” (in
the sense of not being abnormal).

In (Baranyi et al., 1999) a coordinate transformation of the data is used before
applying the KH interpolation, which guarantees the normality of the conclusion
obtained after interpolation.

3.2 Hierarchical Fuzzy Rule Bases

The basic idea of using hierarchical fuzzy rule bases is the following: Often the
multi-dimensional input space X = X1 × X2 × . . . × Xm can be decomposed, so
that some of its components, e.g. Z0 = X1 × X2 × . . .× X p determine a subspace
of X (p < m), so that in Z0 a partition Π={D1, D2, . . ., Dn} can be determined:

n⋃
i=1

Di = Z0.

In each element of Π , i.e. Di , a sub-rule base Ri can be constructed with local
validity. In the worst case, each sub-rule base refers to exactly X/Z0 = X p+1×. . .×
Xm . The complexity of the whole rule base O(T m) is not decreased, as the size of R0
is O(T p), and each Ri , i > 0, is of order O(T m−p), O(T p)×O(T m−p) = O(T m).

A way to decrease the complexity would be finding in each Di a proper subset of
{X p+1 × . . .× Xm}, so that each Ri contains only less than m − p input variables.
In some concrete applications in each Di
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a proper subset of {X p+1, . . . , Xm} can be found so that each Ri contains only less
than m–p input variables, and the rule base has the following structure:

R0: If z0 is D1 then use R1
If z0 is D2 then use R2
. . .

If z0 is Dn then use Rn

R1: If z1 is A11 then y is B11
If z1 is A12 then y is B12
. . .

If z1 is A1r1 then y is B1r1

R2: If z2 is A21 then y is B21
If z2 is A22 then y is B22
. . .

If z2 is A2r2 then y is B2r2

Rn : If zn is An1 then y is Bn1
If zn is An2 then y is Bn2
. . .

If zn is Anrn then y is Bnrn

where zi ∈ Zi , Z0 × Zi being a proper subspace of X for i=1, .., n.

If the number of variables in each Zi is ki < m − p and
n

max
i=1

ki = K < m − p,

then the resulting complexity will be O(T p+K ) < O(T m), so the structured rule
base leads to a reduction of the complexity.

The task of finding such a partition is often difficult, if not impossible, (some-
times such a partition does not even exist). There are cases when, locally, some
variables unambiguously dominate the behavior of the system, and consequently
the omission of the other variables allows an acceptably accurate approximation.
The bordering regions of the local domains might not be crisp or even worse, these
domains overlap. For example, there can be a region D1, where the proper sub-
space Z1 dominates, and another region D2, where another proper subspace Z2 is
sufficient for the description of the system, however, in the region between D1 and
D2 all variables in [Z1 × Z2] play a significant role ([.×.] denoting the space that
contains all variable that occur in either argument within the brackets). In this case,
sparse fuzzy partitions can be used, so that in each element of the partition a proper
subset of the remaining input state variables is identified as exclusively dominant.
Such a sparse fuzzy partition can be described as follows: �̂={D1, D2, . . . , Dn} and

n⋃
i=1

Core(Di ) ⊂ Z0 in the proper sense (fuzzy partition). Even
n⋃

i=1
Supp(Di ) ⊂ Z0

is possible (sparse partition). If the fuzzy partition chosen is informative enough
concerning the behavior of the system, it is possible to interpolate its model among
the elements of �̂.

Each element Di will determine a sub-rule base Ri referring to another subset of
variables. The technical difficulty is how to combine the “sub-conclusions” B∗i with
the help of R0 into the final conclusion.
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3.3 Fuzzy Rule Interpolation in Hierarchical Rule Bases

This section deals with reduction of both the maximum T linguistic terms, and the
k variables.

Let us assume that the observation on X is A∗ and its projections are:

A∗0 = A∗/Z0, A∗1 = A∗/Z1, A∗2 = A∗/Z2.

Using the Fundamental Equation, the two sub-conclusions, obtained from the two
sub-rule bases R1 and R2 are:

K H b1∗
k = (1− λ1

k)b
1
1k + λ1

kb1
2k, and

K H b2∗
k = (1− λ2

k)b
2
1k + λ2

kb2
2k respectively.

(The superscript shows the reference to the rule base R1 and R2.)
Finally, by substituting the sub-conclusions into the meta-rule base we get:

K H b∗k = (1− λ0
k)b

1∗
k + λ0

kb2∗
k (4)

The steps of the algorithm are as follows:

1. Determine the projection A0
∗ of the observation A∗ to the subspace of the fuzzy

partition �̂.
2. Find the interpolating rules.
3. Determine λ0

k .
4. For each Ri determine Ai

∗ the projection of A∗ to Zi . Find the interpolating rules
in each Ri .

5. Determine the sub-conclusions for each sub-rule base Ri .
6. Using the sub-conclusions from step 5, compute the final conclusion according

to (4).

Figure 1 shows an example of the algorithm. In step 4, in each sub-rule base, a
different inference engine can be applied, e.g., if the sub-rule base itself is dense,
the Mamdani-algorithm (or one of its variations), or in any case one of the interpo-
lation algorithms can be used. It might be reasonable to apply the KH interpolation
or one of the methods summarized above in step 4, while in step 5 usually the
best recommendation is the method in (Gedeon and Kóczy, 1996) as it is directly
applicable also for flanking domains Di with wide areas and projected observations
A0
∗ with narrow supports, e.g. crisp singletons.

4 Fuzzy Model Identification

One of the crucial problems of fuzzy rule based modeling is how to find an optimal
or at least a quasi-optimal rule base for a certain system. In most applications there is
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R0

If z0 is D1 then use R1

If z0 is D2 then use R2

R1

If z1 is A11 then y is B11

If z1 is A12 then y is B12

R2

If z2 is A21 then y is B21

If z2 is A22 then y is B22

A* / Z1

A* B*

B2
*B1

*

A* / Z2

R0

If z0 is D1 then use R1

If z0 is D2 then use R2

R1

2 R2

R1

If z1 is A11 then y is B11

If z1 is A12 then y is B12

R1

If z1 is A11 then y is B11

If z1 is A12 then y is B12

R2

If z2 is A21 then y is B21

If z2 is A22 then y is B22

R2

If z2 is A21 then y is B21

If z2 is A22 then y is B22

A* / Z1A* / Z1

A*A* B*B*

B2
*B2
*B1

*B1
*

A* / Z2A* / Z2

Fig. 1 Interpolation in a hierarchical model

no human expert available, thus some automatic method to determine the fuzzy rule
base must be employed. In this section and in the next one some of these methods
are introduced.

4.1 Clustering-based Rule Extraction Technique

Recently, clustering-based approaches have been proposed for rule extraction (Wong
et al., 1997; Wang and Mendel, 1992). Most of the techniques use the idea of par-
titioning the input space into fixed regions to form the antecedents of the fuzzy
rules. Although these techniques have the advantage of efficiency, they may lead to
the creation of a dense rule base that suffers from rule explosion. In general, the
number of rules generated is T k where k is the number of input dimensions and T is
the terms per input. In this case, the number of rules generated grows exponentially
with the increase of input dimensions. Due to this reason, the techniques are not
suited for generating fuzzy rule bases that have a large number of input dimensions.

Among the rule extraction techniques proposed in the literature, Sugeno and
Yasukawa’s (Sugeno and Yasukawa, 1993) technique (referred to as “SY method”
hereafter) is one of the earliest work that emphasize the generation of a sparse
rule base. The SY approach clusters only the output data and induces the rules
by computing the projections to the input domains of the cylindrical extensions
of the fuzzy clusters. This way, the method produces only the necessary number
of rules for the input-output sample data (more details later). The paper (Sugeno
and Yasukawa, 1993) discusses the proposed technique at the methodological level
leaving out some implementation details. The SY technique was further examined in
(Tikk et al., 2002) where additional readily implementable techniques are proposed
to complete the modeling methodology.
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In the first step of SY modeling, the Regularity criterion (Ihara, 1980) is used to
assist in the identification of “true” input variables that have significant influence
on the output. The input variables that have little or no influence on the output are
ignored for the rest of the process. The true input variables are then used in the actual
rule extraction process. The rule extraction process starts with the determination of
the partition of the output space. This is done by using fuzzy c-means clustering
(Bezdek, 1981) (see Sect. 4.2).

For each output fuzzy cluster Bi resulting from the fuzzy c-means clustering, a
cluster in the input space Ai can be induced. The input cluster can be projected onto
the various input dimensions to produce rules of the form:

If x1is Ai1and x2is Ai2and . . . and xnis Ainthen y is Bi

4.2 Fuzzy c-Means Clustering

Given a set of data, Fuzzy c-Means clustering (FCMC) performs clustering by iter-
atively searching for a set of fuzzy partitions and the associated cluster centers that
represent the structure of the data as best as possible. The FCMC algorithm relies on
the user to specify the number of clusters present in the set of data to be clustered.
Given the number of cluster c, FCMC partitions the data X = {x1, x2, . . . , xn} into
c fuzzy partitions by minimizing the within group sum of squared error objective
function as follows (5).

Jm(U, V ) =
n∑

k=1

c∑
i=1

(Uik)
m‖xk − vi‖2, (5)

1 ≤ m ≤ ∞

where Jm(U, V ) is the sum of squared error for the set of fuzzy clusters represented
by the membership matrix U , and the associated set of cluster centers V . ||.|| is
some inner product induced norm. In the formula, ||xk − vi ||2 represents the dis-
tance between the data xk and the cluster center vi . The squared error is used as
a performance index that measures the weighted sum of distances between cluster
centers and elements in the corresponding fuzzy clusters. The number m governs the
influence of membership grades in the performance index. The partition becomes
fuzzier with increasing m and it has been shown that the FCMC algorithm converges
for any m ∈ (1,∞). The necessary conditions for (5) to reach its minimum are

Uik =
⎛
⎝

c∑
j=1

( ‖xk − vi‖
‖xk − v j‖

)2/(m−1)

⎞
⎠
−1

∀i,∀k (6)

and
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vi =

n∑
k=1

(Uik)
m xk

n∑
k=1

(Uik)m
(7)

In each iteration of the FCMC algorithm, matrix U is computed using (6) and the
associated cluster centers are computed as (7). This is followed by computing the
square error in (5). The algorithm stops when either the error is below a certain
tolerance value or its improvement over the previous iteration is below a certain
threshold.

The FCMC algorithm cannot be used in situations where the number of clusters
in a set of data is not known in advance. Since the introduction of FCMC, a rea-
sonable amount of work has been done on finding the optimal number of clusters in
a set of data. This is referred to as the cluster validity problem. Among numerous
alternative cluster validity indices proposed in the literature the most suitable proved
to be the one proposed by Fukuyama and Sugeno (1989).

S(c) =
n∑

k=1

c∑
i=1

(Uik)
m(‖xk − vi‖2 − ‖vi − x̄‖2) (8)

2 < c < n,

where n is the number of data points to be clustered; c is the number of clusters;
xk is the kth data, x is the average of data; vi is the i th cluster center; Uik is the
membership degree of the kth data with respect to the i th cluster and m is the
fuzzy exponent. The number of clusters, c, is determined so that S(c) reaches a
local minimum as c increases. The terms ||xk − vi || and ||vi − x || represent the
variance in each cluster and variance between clusters respectively. Therefore, the
optimal number of clusters is found by minimizing the distance among data and the
corresponding cluster center and maximizes the distance among data in different
clusters. Other cluster validity indices can be found in (Yang and Wu, 2001).

4.3 Hierarchical Fuzzy Modeling

Fuzzy clustering plays an important role in feature selection. The idea is that given
a set of clusters, the most important subset of features (true inputs) can be selected
by considering its capability to separate the clusters (Tikk and Gedeon, 2000;
Pal, 1992). We use the interclass separability criterion for this purpose. Consider
a set of N input-output pairs F = {X; y}, X = {xi |i ∈ I } where I is the index
set, xi and y are column vectors. By deleting some features (input variables), we
obtain a subspace X ′ = {xi |i ⊂ I }. Suppose that the input X is clustered into clus-
ters Ci (i = 1, . . . , Nc) then the criterion function for feature ranking based on the
interclass separability is formulated by means of the following fuzzy between-class
(9) and within-class (11) scatter (covariance) matrices.
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Qb =
Nc∑

i=1

N∑
j=1

μm
i j (vi − v̄)(vi − v̄)T (9)

Qi = 1
N∑

j=1
μm

i j

N∑
j=1

μm
i j (x j − vi )(x j − vi )

T (10)

Qw =
Nc∑

i=1

Qi (11)

where

v̄ = 1

Nc

Nc∑
i=1

vi (12)

Here, vi is given by (7). The criterion is a trade off between Qb (9) and Qw (11),
often expressed as:

J (X ′) = tr (Qb)

tr (Qw)
(13)

where ‘tr’ denotes the trace of a matrix. In Tikk and Gedeon (2000), the set of
classes C is determined by clustering the output space using fuzzy clustering algo-
rithms such as fuzzy c-means (Bezdek, 1981). The elements of the resulting partition
matrix U = {μik |i = 1 . . . Nc , k = 1 . . . N} are then used as weights (9–12). Each
feature can be ranked using the sequential backwards algorithm. Firstly, different
subsets of data are obtained by temporary deleting each feature. This is followed by
deleting permanently the feature whose removal resulted in the largest value. This
process is repeated until all features are deleted and the order of the deleted variables
gives their rank of importance.

From here, we obtain a set of features ordered (ascending) by their importance.
The set of true inputs can then be determined by selecting the n most important
features that minimizes:

∑
i

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

yi − de f uzz

⎛
⎜⎜⎜⎜⎝

∑
c

μci

(
c∑

j=1

( ‖xk − vi‖
‖xk − v j‖

)2/(m−1)
)

⎞
⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

2

(14)

where vi is given by (7). Here, defuzz(.) denotes a defuzzification method, such as
the center of area (COA), that is used in the fuzzy inference.



122 L.T. Kóczy et al.

4.3.1 Finding � and Z0

The main requirement of a reasonable � is that each of its elements Di can be
modelled by a rule base with local validity. In this case, it is reasonable to expect
Di to contain homogeneous data. The problem of finding � can thus be reduced to
finding homogeneous structures within the data. This can be achieved by clustering
algorithms.

The subspace Z0 is used by meta-rules to select the most appropriate sub-rule
base to infer the output for a given observation (i.e. system input). In general, the
more separable are the elements in �, the easier the sub-rule base selection be-
comes. Therefore, the proper subspace can be determined by means of some cri-
terion that ranks the importance of different subspaces (combination of variables)
based on their capability in separating the components Di .

Unfortunately, the problems of finding � and Z0 are not independent of each
other. Consider the following helicopter control fuzzy rules extracted from the hier-
archical fuzzy system in (Sugeno, 1991):

If distance (from obstacle) is small then hover
Hover:

if (helicopter) body rolls right then
move lateral stick leftward

if (helicopter) body pitches forward then
move longitudinal stick backward

On one hand, we need to rely on the feature selection technique to find a “good”
subspace (Z0) for the clustering algorithm to be effective. On the other hand, most
of the feature selection criteria assume the existence of the clusters beforehand.

One way to tackle this problem is to adopt a projection based approach. The data
are first projected to each individual dimension and fuzzy clustering is performed
on the individual dimensions. The number of clusters C for clustering can be cho-
sen arbitrarily large. With the set of one dimensional fuzzy clusters obtained, the
separability (importance) of each input dimension can be determined separately by
computing (13). With the ranking, we can then select the n most important features
to form the n-dimensional subspace Z0.

From here, a hierarchical fuzzy system can be obtained using the following
steps:

1. Perform fuzzy c-means clustering on the data along the subspace Z0. The optimal
number of clusters, C , within the set of data is determined by means of the FS
index (8).

2. The previous step results in a fuzzy partition � = {D1, . . . DC}. For each com-
ponent in the partition, a meta rule is formed as:
If Z0 is Di then use Ri

3. From the fuzzy partition �, a crisp partition of the data points is constructed. I.e.
for each fuzzy cluster Di , the corresponding crisp cluster of points is determined
as Pi = {p|μi (p) > μ j (p)∀ j = i}.
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4. Construct the sub-rule bases. For each crisp partition Pi , apply a feature extrac-
tion algorithm to eliminate unimportant features. The remaining features (know
as true inputs) are then used by a fuzzy rule extraction algorithm to create the
fuzzy rule base Ri . Here, we suggest the use of the projection-based fuzzy mod-
eling approach (Chong et al., 2002). We remark however, that the hierarchical
fuzzy modeling scheme does not place any restriction on the technique used. If
more hierarchical levels are desired, repeat steps 1 – 4 with the data points in Pi

using another subspace.

4.3.2 Modeling

Now, the proposed fuzzy modeling technique is described. The algorithm is as fol-
lows:

1. Rank the importance of input variables, using fuzzy clustering and the Interclass
Separability Criterion and let F be the set of features ordered (ascending) by
their importance

2. For i = 1 . . . |F |
a. Construct a hierarchical fuzzy system using the subspace Z0 = X1× . . .×Xi .
b. Compute εi to be the re-substitution error of the fuzzy system constructed

during the i th iteration.
c. If i > 1 and εi > εi−1, stop

end for
3. Perform parameter tuning. The completed hierarchical fuzzy rule base then goes

through a parameter identification process where the parameters of the mem-
bership function used in the fuzzy rules are adjusted on a trial and error ba-
sis to improve the overall performance. The method proposed in (Sugeno and
Yasukawa, 1993) adjusts each of the trapezoidal fuzzy set parameters in both
directions and chooses the one that gives the best system performance.

5 Bacterial Memetic Algorithm

There are various successful evolutionary optimization algorithms known from
the literature. The advantage of these algorithms is their ability to solve and
quasi-optimize problems with non-linear, high-dimensional, multi-modal, and dis-
continuous character. The original genetic algorithm was based on the process of
evolution of biological organisms. These processes can be easily applied in opti-
mization problems where one individual corresponds to one solution of the problem.
A more recent evolutionary technique is called the bacterial evolutionary algorithm
(Nawa and Furuhashi, 1999; Botzheim et al., 2002). This mimics microbial rather
than eukaryotic evolution. Bacteria share chunks of their genes rather than perform
neat crossover in chromosomes. This mechanism is used in the bacterial mutation
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Rule 1    Rule 2     Rule 3    Rule 4                      … Rule R
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Output

Fig. 2 Encoding of the fuzzy rules

and in the gene transfer operations. For the bacterial algorithm, the first step is to
determine how the problem can be encoded in a bacterium (chromosome). Our task
is to find the optimal fuzzy rule base for a pattern set. Thus, the parameters of the
fuzzy rules must be encoded in the bacterium. The parameters of the rules are the
breakpoints of the trapezoids, thus, a bacterium will contain these breakpoints. For
example, the encoding method of a fuzzy system with two inputs and one output
can be seen in Fig. 2.
Neural networks training algorithms can also be used for fuzzy rule optimization
(Botzheim et al., 2004). They result in an accurate local optimum. Incorporating
the neural network training algorithm with the bacterial approach, the advantages
of both methods can be utilized in the optimization process. The hybridization of
these two methods leads to a new kind of memetic algorithm, because the bacterial
technique is used instead of the classical genetic algorithm, and the Levenberg-
Marquardt as the local searcher. This method is the Bacterial Memetic Algorithm
(BMA) (Botzheim et al., 2005). The flowchart of the algorithm can be seen in Fig. 3.
The difference between the BEA and the BMA is that the latter contains a local
searcher step, the Levenberg-Marquardt procedure.

5.1 Initial Population Creation

First the initial (random) bacteria population is created. The population consists of
Nind bacteria. This means that all membership functions in the bacteria must be
randomly initialized. The initial number of rules in a single bacterium is initially
constant Nrule . So, Nind (k + 1)Nrule membership functions are created, where k is
the number of input variables in the given problem and each membership function
has four parameters.

5.2 Bacterial Mutation

The bacterial mutation is applied to each bacterium one by one (Nawa and
Furuhashi, 1999). First, Nclones copies (clones) of the rule base are generated. Then
a certain part of the bacterium (e.g. a rule) is randomly selected and the parameters
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Fig. 3 Flowchart of the Bacterial Memetic Algorithm

of this selected part are randomly changed in each clone (mutation). Next all the
clones and the original bacterium are evaluated by an error criterion. The best indi-
vidual transfers the mutated part into the other individuals. This cycle is repeated for
the remaining parts, until all parts of the bacterium have been mutated and tested.
At the end the best rule base is kept and the remaining Nclones are discharged.

5.3 Levenberg-Marquardt Method

After the bacterial mutation step, the Levenberg-Marquardt algorithm (Marquardt,
1963) is applied for each bacterium. In this step a minimization criterion has to be
employed also, which is related to the quality of the fitting. The training criterion
that will be employed is the usual Sum-of-Square-of-Errors (SSE):

� =

∥∥∥t − y
∥∥∥2

2
=

∥∥e [k]
∥∥2

2
(15)

where t stands for the target vector, y for the output vector, e for the error vector, and
‖‖ denotes the 2-norm. It will be assumed that there are m patterns in the training set.
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The most commonly used method to minimize (15) is the Error-Back-Propagation
(BP) algorithm, which is a steepest descent algorithm. The BP algorithm is a first-
order method as it only uses derivatives of the first order. If no line-search is used,
then it has no guarantee of convergence and the convergence rate obtained is usu-
ally very slow. If a second-order method is to be employed, the best to use is the
Levenberg-Marquardt (LM) algorithm (Marquardt, 1963), which explicitly exploits
the underlying structure (sum-of-squares) of the optimization problem on hand.

Denoting by J the Jacobian matrix:

J [k] =
[

∂y(x (p)) [k]

∂ par [k]

]
(16)

where the vector par contains all membership functions’ parameters (all breakpoints
in the membership functions), and k is the iteration variable. The new parameter
values can be obtained by the update rule of the LM method:

par [k + 1] = par [k]−
[

J T [k] J [k]+ α I
]−1

J T [k] e [k] (17)

In (17), α is a regularization parameter, which controls the both the search direction
and the magnitude of the update. The search direction varies between the Gauss-
Newton direction and the steepest direction, according to the value of α. This is
dependent on how well the actual criterion agrees with a quadratic function, in a
particular neighborhood. The good results presented by the LM method (compared
with other second-order methods such as the quasi-Newton and conjugate gradi-
ent methods) are due to the explicit exploitation of the underlying characteristics
of the optimization problem (a sum-of-square of errors) by the training algorithm.
The Jacobian matrix with respect to the parameters in the bacterium must be com-
puted. This can be done on a pattern by pattern basis (Botzheim et al., 2004; Ruano
et al., 2001).

Jacobian computation

Because trapezoidal membership functions are used, and each trapezoid has four
parameters, thus the relative importance of the j th fuzzy variable in the i th rule is:

μi j
(
x j

) = x j − ai j

bi j − ai j
Ni, j,1(x j )+ Ni, j,2(x j )+ di j − x j

di j − ci j
Ni, j,3(x j ) (18)

where ai j ≤ bi j ≤ ci j ≤ di j must hold and:
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Ni, j,1(x j ) =
{

1, i f x j ∈
[
ai j , bi j

]

0, i f x j /∈ [
ai j , bi j

] (19)

Ni, j,2(x j ) =
{

1, i f x j ∈
(
bi j , ci j

)

0, i f x j /∈ (
bi j , ci j

)

Ni, j,3(x j ) =
{

1, i f x j ∈
[
ci j , di j

]

0, i f x j /∈ [
ci j , di j

]

The activation degree of the i th rule (the t-norm is the minimum):

wi =
n

min
j=1

μi j (x j ) (20)

where n is the number of input dimensions. wi is the importance of the i th rule if
the input vector is x and μi, j (x j ) is the j th membership function in the i th rule. The
i th output is being cut in the height wi . Then defuzzification method is calculated
with the COG output:

y(x) =

R∑
i=1

∫
y∈suppμi (y)

yμi (y)dy

R∑
i=1

∫
y∈suppμi (y)

μi (y)dy

(21)

where R is the number of rules. If this defuzzification method is used, the integrals
can be easily computed. In (21) y(x) will be the following:

y(x) = 1

3

R∑
i=1

(Ci+Di+Ei )

R∑
i=1

2wi (di−ai )+w2
i (ci+ai−di−bi )

Ci = 3wi (d2
i − a2

i )(1− wi )

Di = 3w2
i (ci di − ai bi )

Ei = w3
i (ci − di + ai − bi )(ci − di − ai + bi )

(22)

Then, the Jacobian matrix can be written as:

J =
[

∂y(x (p))

∂a11

∂y(x (p))

∂b11
· · · ∂y(x (p))

∂a12
· · · ∂y(x (p))

∂d1
· · · ∂y(x (p))

∂dR

]
(23)

where
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∂y(x (p))

∂ai j
= ∂y

∂wi

∂wi

∂μi j

∂μi j

∂ai j
(24)

∂y(x (p))

∂bi j
= ∂y

∂wi

∂wi

∂μi j

∂μi j

∂bi j

∂y(x (p))

∂ci j
= ∂y

∂wi

∂wi

∂μi j

∂μi j

∂ci j

∂y(x (p))

∂di j
= ∂y

∂wi

∂wi

∂μi j

∂μi j

∂di j

From (20), wi depends on the membership functions, and each membership function
depends only on four parameters (breakpoints). So, the derivatives of wi are

∂wi

∂μi j
=

⎧⎨
⎩

1, i f μi j =
n

min
k=1

μik

0, otherwi se
(25)

and the derivatives of the membership functions will be

∂μi j

∂ai j
=

x (p)
j − bi j

(bi j − ai j )2 Ni, j,1(x (p)
j ) (26)

∂μi j

∂bi j
=

ai j − x (p)
j

(bi j − ai j )2
Ni, j,1(x (p)

j )

∂μi j

∂ci j
=

di j − x (p)

j

(di j − ci j )2 Ni, j,3(x (p)

j )

∂μi j

∂di j
=

x (p)
j − ci j

(di j − ci j )2 Ni, j,3(x (p)
j )

∂y
∂wi

and the derivatives of the output membership functions parameters have to
be also computed. From (22):

∂y

∂∗i∗
= 1

3

den ∂Fi∗
∂∗i∗ − num ∂Gi∗

∂∗i∗

(den)2 (27)

where ∗i = wi , ai , bi , ci , di , den and num are the denominator and the numerator
of (22), respectively Fi∗ and Gi∗ are the i∗ member of the sum in the numerator and
the denominator. The derivatives will be as follows:
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∂ Fi

∂wi
= 3(d2

i − a2
i )(1− 2wi )+ 6wi (ci di − ai bi ) (28)

+ 3w2
i [ (ci − di )

2 − (ai − bi )
2 ]

∂Gi

∂wi
= 2(di − ai)+ 2wi (ci + ai − di − bi )

∂ Fi

∂ai
= −6wi ai + 6w2

i ai − 3w2
i bi − 2w3

i (ai − bi ) (29)

∂Gi

∂ai
= −2wi +w2

i

∂ Fi

∂bi
= −3w2

i ai + 2w3
i (ai − bi )

∂Gi

∂bi
= −w2

i

∂ Fi

∂ci
= 3w2

i di − 2w3
i (di − ci )

∂Gi

∂ci
= w2

i

∂ Fi

∂di
= 6wi di − 6w2

i di + 3w2
i ci + 2w3

i (di − ci )

∂Gi

∂di
= 2wi −w2

i

5.4 Gene Transfer

The gene transfer operation allows the recombination of genetic information
between two bacteria. First the population must be divided into two halves. The
better bacteria are called the superior half, the other bacteria are called the inferior
half. One bacterium is randomly chosen from the superior half, this will be the
source bacterium, and another is randomly chosen from the inferior half, this will
be the destination bacterium. A part (e.g. a rule) from the source bacterium is chosen
and this part will overwrite a rule of the destination bacterium. This cycle is repeated
for Nin f times, where Nin f is the number of “infections” per generation.

5.5 Stop Condition

If the population satisfies a stop condition or the maximum number of generation
Ngen is reached then the algorithm ends, otherwise it returns to the bacterial muta-
tion step.
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6 Conclusion

Fuzzy rule base reduction methods and fuzzy modeling techniques were introduced
in this paper. We discussed how the complexity of a fuzzy rule base can be re-
duced. The classical fuzzy models deal with dense rule bases where the universe
of discourse is fully covered. The reduction of the number of linguistic terms in
each dimension leads to sparse rule bases and rule interpolation. By decreasing
the dimension of the sub-rule bases by using meta-levels or hierarchical fuzzy rule
bases the complexity can also be reduced. It is also possible to apply interpolation
in hierarchical rule bases.

The paper discussed automatic methods to determine the fuzzy rule base. Af-
ter an overview of some clustering methods, the bacterial memetic algorithm was
introduced. This approach combines the bacterial evolutionary algorithm and a gra-
dient based learning method, namely the Levenberg-Marquardt procedure. By this
combination the advantages of both methods can be exploited.
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